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Following Smale’s notations let n and I denote respectively the number of agents 
and commodities in pure exchange barter economy (with no production and no 
prices). Let IQ, ZJ~, . .. . u, denote n real valued functions describing the individuals 
preferences. Assume that the mechanism which describes the adjustment in the 
quantities traded by the agents at any point in time is given by the Edgeworth 
process. This dynamic is assumed to take the form of an autonomous ordinary dif- 
ferential equation. The aim of this paper is first to develop necessary conditions for 
a pure exchange rate mechanism to converge to the set of Pareto points. The proof 
of this result uses ideas of LaSaIle’s Theorem. Second, we examine the conditions 
under which positive results may be obtained as solutions of the Edgeworth 
mechanism approach the boundary of the sub-manifold of feasible allocations IV. 
Third, we examine the local stability and instability of Pareto points. The instability 
result is a version of Cetaev’s Theorem. These resultsare proved by means of 
Liapunov Theory which does not require the utility functions to be C2. An example 
is given which shows that stability does not necessarily imply Pareto-optimality. 
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1. INTRODUCTION 
The objective of this paper is first to study the asymptotic behavior of 
solutions which start in the set of feasible allocations W of an economic 
system governed by a vector gradient process commonly called the 
Edgeworth process. This type of adjustment process is a non-tatonnement 
process which allows the economic agents to trade, thereby, changing their 
endowments of commodities over time. For more economic details on this 
process see, for example, Varian [16], and Arrow and Hahn [2] among 
others. 
* This work is based on the author’s math dissertation. I am grateful to Kenneth Meyer for 
his supervision during this research. I thank the Department of Mathematical Sciences of the 
University of Cincinnati for their kind hospitality during my stay. I am pleased to acknowl- 
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Second, we shall investigate the local stability and instability of Pareto 
points which are limit points of solutions of this dynamical process. 
Moreover, conditions under which the solutions stay in a compact subset 
of the feasible smooth submanifold of allocations W will be examined as 
solutions approach the boundary of W. This type of adjustment was first 
studied by Uzawa [14]; the question of stability and long term behaviors 
of solutions have been investigated by many authors, among them Smale 
[g-13], Hahn and Negheshi [4], and Uzawa [14,15]. Although similar 
questions have been studied, however, either their approach is different 
from ours or the question on instability has not been examined. Indeed, the 
proof of Theorem 2.1 on asymptotic behavior uses the ideas of LaSalle’s 
theorem [7]. Similarly, the instability theorem is a version of Cetaev’s 
theorem [7] and its proof is a little more involved since the set of Pareto 
points is not restricted to a singleton. Finally an illustrative example is 
given which shows that stability does not necessarily imply local Pareto 
optimality. The next section gives some notations and definitions which are 
required later in this paper. 
2. PRELIMINARIES 
We consider n real valued functions t(i) ZQ, . . . . u, defined on a smooth 
sub-manifold W of R”‘, where 1 is the number of goods and n the number 
of agents. The ui function is interpreted to be the utility function of agent 
i which represents his preferences. Let u = (ul, u2, . . . . u,) be the map from 
W into R”. The utility functions ui are assumed to be C/-functions and 
depend only on present consumption patterns. We assume an economy 
without production, that is, an economy with fixed total resources and 
without prices. We assume that the Edgeworth process which describes the 
adjustment in the quantities traded by the agents at any point in time is 
given in the form of an autonomous differential equation. Namely, 
k= F(X), (1) 
where X(t) is the vector of quantities traded by the agents at time t, and 
F specifies the trading rules of the agents. In other words, it expresses the 
actual trading or transfer process that occurs between agents. F is assumed 
to be C’ and 4, denotes the solution of Eq. (1). 
DEFINITION 2.1 (Smale). An admissible curve 4: (a, 6) -+ W is a C’ 
curve such that 
ai(d(z))=vui(4(t))3 d(t) ’ 0 
for all i and t E (a, b). 
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DEFINITION 2.2. A point x in W is called a Pareto point provided there 
is no admissible curve through x. 
Let 0 denote the set of Pareto points. 
DEFINITION 2.3. A point x in W is called a strict Pareto optimum for 
the functions ui if and only if whenever y in W and u,(v) > ai for 
i = 1, 2, . . . . n, then y=x. 
DEFINITION 2.4. A point xin W is called a strict local Pareto optimum 
for the functions ui (i = 1,2, . . . . n) if and only if there is a neighborhood N 
of x in W so that the point is strict Pareto optimum for the functions 
Ul , kD 7 ea.3 U, restricted to N. 
DEFINITION 2.5. A state x in W is a Pareto optimum (Global) if there 
is no y in W such that u,(y) 2 uj(x) for all i and u,(y)> ui(x) for some i. 
DEFINITION 2.6. A state x in W is a local Pareto optimum (L.P.O.) if 
there is a neighborhood N of x such that there is no y in N with 
u,(y)> ui(x) for all i and ui(y)>ui(x) for some i. 
THEOREM 2.1. The w-limit set of a trajectory is closed and invariant. 
Furthermore, if the positive trajectory is contained in a compact set then the 
w-limit set is compact, non-empty, and connected. 
3. ASYMPTOTIC BEHAVIOR, STABILITY, AND INSTABILITY 
We shall first examine in this section the asymptotic behavior of solu- 
tions of the Edgeworth process, starting at a feasible point x,, which is not 
a Pareto point (x0 is not a critical point of Eq. (1)). Second, we shall 
investigate the local stability and instability of Pareto points which are 
limit points of solutions of the Edgeworth process. The next abstract 
theorem may be interpreted as follows: Consider an economy in evolution 
with n agents whose preferences are represented by utility functions whose 
arguments depend only on the present holdings, and which are defined on 
the set of feasible allocations W which can be taken to be any smooth sub- 
manifold of R”‘. Trade will take place between agents to increase their 
respective utilities (satisfactions) as long as no one is dissatisfied. The zero 
of (1) are the points for which the rate of change in the quantity traded is 
equal to zero, that is, points for which no agent is willing to trade 
anymore, that is, Pareto points. Hence, we can assume that the only critical 
points of the trading process F are Pareto points. The next abstract 
theorem shows that, if we start at a feasible point x,, which is not a Pareto 
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point, the economy has to end up at a Pareto point. We notice that the 
next theorem is a version of LaSalle’s theorem [7]. 
THEOREM 3.1. Let W be any smooth sub-manifold of R”’ and 
ul, u2, . . . . u, be C’-real-valued functions defined on W. 
Let 8 denote the set of Pareto points. Assume 
(1) i = F(x) where XE W and F(x) is tangent to W. Let d,(x) be its 
solution, with initial condition x at t = 0. 
(2) For all x E W the set (4,(x): t >O> is contained in a compact 
subset of W, 
(3) F(x) = 0 if and only if x is a Pareto point. 
(4) 2&(x)=vui(x). F(x)>Of or all x E W, and if x $0, then there is an 
i such that ui(x) >O. 
Then for all 
XOE w, dtbo) + 0 as t+co. 
Proof. Let x0 6 8. Then by Assumption 4, ui(dt(xo)) is non-decreasing. 
Moreover, it is bounded by Assumption (2) and hence as t -+ co, 
u,(q5,(x,)) -+ ui for i= 1, 2, . . . . n. Let a be the o-limit set of 4,(x,). By 
Theorem 2.1, G is non-empty and 4t(xo) -+ $2 as t + co. Let 
Q= fj u;‘(q). 
i= 1 
We first prove that S2 is in Q, then we prove that the only invariant sets 
in Q are Q A 8. 
Let y E a. Then there is an increasing sequence of times t, -+ cc with m 
and such that #Jx,) + y as m + co. Now by continuity of ui we have 
u,(d,,(x,)) --+ u,(y) as m --+ 00 for all i. That is, 
Lim Ui(4r,(XO))=Ui(Y)=Ui for i= 1, 2, . . . . n. 1, t 00 
Hence, y E u;l(ui) for i= 1, 2, . . . . n, and therefore y E fly= 1 u; ‘(uJ = Q. 
Now we want to prove that the only invariant sets in Q are Q n 6. 
Let Kc Q be invariant and let ye K\t% Since ye K we have 
u,(ti,(y)) =constant for all i, but since ~$8, there is some i such that 
u,(#,( y)) is increasing. Thus there is no ye K\tI. 
Moreover, since Sz is an invariant set in Q then a is contained in Q n 0 
and since #t(xo) + B as t + CO this implies 41(xo) + 19 as t -V 00. 
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LEMMA 3.1. Let ul, u2, ,.., u, be n Cl-real valued functions defined on a 
smooth submantfold W of R”’ and let a W denote the boundary of W. Assume 
(1) Z-F(x) 
(2) MinIGiGnUi(X)+O as x+aW 
(3) &(x)>Ofori=l,...,n 
(4) ui(x) > 0 for all XE W and all i. 
Then for all x E W the set A = {d,(x): t > 0} is contained in a compact subset 
of w. 
Proof Let x E W and let A = {b,(x): t > 0} where d,(x) is the 
solution of (1) through X. Suppose A is not contained in a compact 
subset of W. Then there exists an increasing sequence of times (t,) 
such that d,(x) -+ aW as t, -+ co. From Assumption (2) we have 
Min isi~n ui(4*m(x))+0 as t, + cc (*). On the other hand, since Bi 2 0 for 
all i by Assumption (3) the ui are nondecreasing and so Min, Q iGn ui is 
nondecreasing. By Assumption (4), ui(x) > 0 for all x in W and all i and 
therefore Min, GiGn ui(x)>O for all x in W. Thus since MinIGis,, ui is 
nondecreasing we have Min, GiG,, ui(4Jx)) f+O as t, + cc. Hence, this is 
a contradiction to (*). 
STABILITY THEOREM 3.2. Let ui, u2, . . . . u, be C-functions from the 
smooth submanifold W of R”’ into R. Assume 
(1) j=F(x) 
(2) the only critical points of F are Pareto points 
(3) ui(x) 2 0 for i = 1, . . . . n. 
If x0 E 9 is a strict local Pareto optimum then x0 is stable. 
Proof Let X~E 6, without loss of generality, assume x0 = 0. By a 
suitable change of coordinates we have u(O) =0 where u(x) = 
(u,(x), k(X), -.*, u,(x)) and XEN. Define 
Suppose x0 is a strict local Pareto optimum for ur, u2, . . . . u,. Then there 
is a neighborhood N of x0 = 0 such that whenever YEN and 
ui(y)>ui(xo=O) for i= 1, . . . . n we have y=xO=O. Thus V(x)<0 for 
XE N- (0). 
Let E,, > 0, small such that B(0, Q,) c N, where B(0, E,,) denotes the open 
ball centered at 0 of radius Q,. Hence V(x) < 0 for 0 < 1x1 < .sO. 
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Moreover, by Assumption (3), ui are nondecreasing for all i = 1, . . . . n. In 
particular V(x) = Min i G i G n ui is nondecreasing. 
Hence by taking V,(x) = - V(x) we have 
(1) V,(O)=0 
(2) V,(x)=-V(x)>OforO<(x\<~~ 
(3) V,(x) is nonincreasing for x E B(0, Ed) 
(4) 0 is a local minimum for V,(x). 
Then by the first Liapunov Theorem on stability x0 = 0 is stable. 
The following remark is quoted by Hale [S, p. 2931. 
Remark. The stability theorem remains valid if the ui(x) are piece-wise 
smooth with the set of discontinuities in the derivatives of ui occurring on 
surfaces of lower dimensions than the base space on which F(x) is defined. 
In the proof of the stability theorem we used p(x) = - aV/ax . F(x). The 
proof remains valid if V is defined (as follows) and continuous and du/dt 
is defined as 
where x(h, t) is the solution of R = F(x) with x(0, 5) = 5. If V is locally 
Lipschitz continuous then this latter definition of p(r) can be shown to be 
equivalent to 
Qcr) = p+ ; 1: V(5) + W5)) - vol. 
Hence, strict-local Pareto optimality implies stability even when the utility 
functions are piece-wise smooth. 
INSTABILITY THEOREM. Let u,, u2, . . . . u, be n C’-real valued functions 
defined on W. Let 6 denote the set of Pareto points and u = C:_ 1 ui. Let 
x0 E 0, and define 
Q= {xe W,ui(x)2ui(x0) for all i= 1, . . . . n}. 
ASSUME. 
(1) Oj(X)>O for all i = 1, . . . . n; 
for all x E W, 
andfor each x in the interior of W\e there is an i such 
that z&(x) > 0. 
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(2) For any open neighborhood U of x0, Q, = 
f2 n U - (x0} is non-empty. 
(3) For any open neighborhood V of x,,, V c U there is 
a neighborhood W, of x0; W, c V such that 
dist(6, Q, - W,) >O. 
Then x0 is unstable. 
Proof Let 6 be the set of Pareto points. Let x0 E 0. Let No be a com- 
pact neighborhood of x0. Let U be an open neighborhood of x0 such that 
U t No. Without loss of generality, assume that ui(xo) = 0 for all i = 1, . . . . n. 
Let IR= {XE W; Ui(X)ZO for all i=l, 2, . . . . n}. Let Q,=Qn U and 
u = Cy=, ui; u is differentiable since ui are differentiable for all i. By 
Assumption (2), Sz, is non-empty and therefore there is a point p E s2, such 
that u(p)>O. Let V= (x~f2,; u(x) < u(p)}. Hence by Assumption (3) 
there is a neighborhood w, of x0 such that W, c V and 
dist(8, Q, - W,) > 0. 
Consider now the set No n 52 \ W, . Since No and 52 are closed and W, is 
open, we have No n 52\ W, closed. Moreover, No n Q\ W, is a subset of No 
as well as of 0, since by construction of Q, G(x) > 0 for all x E 52\ W, . 
Thus, h(x) > 0 for all x E No n S\ W, . 
Now using continuity of ii 36 > 0 such that d(x)>, 6 >O for all 
x E No n sZ\ W,. Let 4,(p) be the solution through p. 
Claim 1. 4,(p) has to leave No n sZ\ W, . 
Suppose not; then Lim, j oD g,(p) is finite since No n Q \ W, is a closed 
and bounded subset of the compact set No and hence itself compact. There- 
fore by continuity of U, lim,, m u(#,(p)) = u lim,, ,(4,(p)) will be finite. 
On the other hand, we know that G(x) > 0 for all XE No n ii?\ WI. 
Hence B(b,(p))>O for all t 20, that is, u(#,(p))>b.t where 6>0. Thus 
lim ,-a, u(b,(p)) -+ co, a contradiction. 
Claim 2. $!(p) has to leave Non 8\ W, through the boundary 
aNo n Q. 
First let us prove the following identity 
~(f2nNo\W,)=(aW,n12)u(aNoni2)u(aQn(No\W,)). (1) 
By definition of the boundary we have a(a n No\ W,) = (f2 n Non WF) n 
(a n Non Wf)” where WF stands for the complement of W,. Note also 
that 12nNo\W,=f2nNon WF. 
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a(sznN,\W,)=(52nN,nW~)n(SZCu~,CuW,) 
={(~nNonW~)nSTC}u{(QnN,nW~)n~,C) 
u{QnN,nW~)niV,} 
=(anOCnN,nW~}u(SZnNonWrnm,c> 
u{~nNonW~nCV,). 
Note that since W, c No - NC c WF * %g c wf = WF. Hence 
fl$nWf=Rt. Also @'lnNo=w',. 
Then 
={LJi2n(N,\W,)}u{QnN,n(W~n~~)} 
u{QnW~n(N,n~',)} 
={~Qn(N,\W,))u{QnN,n~~}u{DnWfn~',} 
=(aan(N,\W,))u(~nnN,)u(aWna). 
Now identity (1) is proved, and we turn to Claim 2. The proof will go by 
elimination. _ - - -- - _ , / / / 
\ 
---_ / ,-. / / , / / _ - - / / w / / / / I\ r / I / I I . I / I I I I t 1’ 4 hh #’ 
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FIGURE 1 
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Suppose b,(p) leaves N, n a\ W, through the boundary 30 n (N,\ W, ). 
Then there is a time T such that ui(bT(p)) =O for some i which is 
impossible since u,(p) > 0 and &(4,(p)) 2 0 by Assumption (1). Thus 4,(p) 
cannot leave through aQn (IV,\ W,). Suppose 4,(p) leaves No nSL\ W, 
through the boundary d W, no, then there is a time T, such that &,(p) is 
in W, and hence since W, c V we have u(&,(p)) < u(p) hence u = CT=, ui 
decreased over time which contradicts ti(b,(p)) > 0. Therefore, since 4,(p) 
has to leave N, n Sz \ W, it has to leave through cYN, n Sz and hence X, is 
unstable (see Fig. 1). 
The arrows in Fig. 2 denote the direction of increasing satisfaction. This 
example will show that the point Q = (l/2, l/2) is a stable point but not a 
local Pareto optimum. 
The two level curves of agents 1 and 2 going through the point 
Q( l/2, l/2) indicate that the utility of agent 1 is equal to - l/2 and the 
utility of agent 2 is equal to l/2. By the nature of the function J arbitrarily 
close to the point Q agent 2 still has the same amount of utility (say the 
point P) since he still is on the same level curve but agent 1 will improve 
his utility from Q to P. Therefore the point Q is not a local Pareto 
optimum. 
On the other hand, the point Q is stable. Let U be any open 
neighborhood of the point Q. Let V be the shaded area as constructed in 
Fig. 2. Hence, if we start at any point in V, by the nature of the vector field 
Ul 
FIGURE 2 
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as shown in that same picture we cannot leave V and hence not U since 
VC U. Thus the point Q is stable. 
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